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Abstract A generalized teleparallel cosmological model,
f (TG ,T ), containing the torsion scalar T and the teleparallel
counterpart of the Gauss-Bonnet topological invariant TG ,
is studied in the framework of the Noether Symmetry Ap-
proach. As f (G ,R) gravity, where G is the Gauss-Bonnet
topological invariant and R is the Ricci curvature scalar, ex-
hausts all the curvature information that one can construct
from the Riemann tensor, in the same way, f (TG ,T ) con-
tains all the possible information directly related to the tor-
sion tensor. In this paper, we discuss how the Noether Sym-
metry Approach allows to fix the form of the function
f (TG ,T ) and to derive exact cosmological solutions.
PACS: 98.80.-k, 95.35.+d, 95.36.+x
Keywords: Modified gravity; torsion; Gauss-Bonnet invari-
ant; exact solutions.
1 Introduction
Extended theories of gravity are semi-classical approaches
where the effective gravitational Lagrangian is modified, with
respect to the Hilbert-Einstein one, by considering higher
order terms of curvature invariants, torsion tensor, deriva-
tives of curvature invariants and scalar fields (see for ex-
ample [1–4]). In particular, taking into account the Ricci,
Riemann and Weyl invariants, one can construct terms like
R2, RµνRµν , RµνδσRµνδσ , W µνδσWµνδσ , that give rise to
fourth-order theories in the metric formalism [5, 6]. Con-
sidering minimally or nonminimally coupled scalar fields to
the geometry, we deal with scalar-tensor theories of gravity
[7, 8]. Considering terms like RR, RkR, we are dealing
ae-mail: capozziello@na.infn.it
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with higher-than fourth order theories [9, 10]. f (R) gravity
is the simplest class of these models where a generic func-
tion of the Ricci scalar R is considered. The interest for these
extended models is related both to the problem of quantum
gravity [2] and to the possibility to explain the accelerated
expansion of the universe, as well as the structure formation,
without invoking new particles in the matter/energy content
of the universe [4–15]. In other words, the attempt is to ad-
dress the dark side of the universe by changing the geomet-
ric sector and remaining unaltered the matter sources with
respect to the Standard Model of Particles. However, in the
framework of this "geometric picture", the debate is very
broad involving the fundamental structures of gravitational
interaction. Just to summarize some points, gravity could be
described only by metric (in this case we deal with a met-
ric approach), or by metric and connections (in this case,
we are considering a metric-affine approach [16]), or by a
purely affine approach [17]. Furthermore, dynamics could
be related to curvature tensor, as in the original Einstein the-
ory, to both curvature and torsion [18], or to torsion only, as
in the so called teleparallel gravity [19].
Starting from these original theories and motivations,
one can build more complex Lagrangians, by using differ-
ent combinations of curvature scalars and their derivatives,
or topological invariants, such us the Gauss-Bonnet term,
G , as well as the torsion scalar T . Many theories have been
proposed considering generic functions of such terms, like
f (G ), f (T ), f (R,G ) and f (R,T ) [20–38]. However, the prob-
lem is how many and what kind of geometric invariants can
be used, and furthermore what kind of physical information
one can derive from them. For example, it is well known that
f (R) gravity is the straightforward extension of the Hilbert-
Einstein which is f (R) = R and f (T ) is the extension of
teleparallel gravity which is f (T )=T . However, if one wants
to consider the whole information contained in curvature in-
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2variants, one has to take into account also combinations of
Riemann, Ricci and Weyl tensors1. As discussed in [26], as-
suming a f (R,G theory means to consider the whole curva-
ture budget and then all the degrees of freedom related to
curvature.
Assuming the teleparallel formalism, a f (TG ,T ) theory,
where TG is the torsional counterpart of the Gauss-Bonnet
topological invariant, means to exhaust all the degrees of
freedom related to torsion and then completely extend f (T )
gravity. It is important to stress, as we will show below, that
the Gauss-Bonnet invariant derived from curvature differs
from the same topological invariant derived from torsion in
less than a total derivative and then the dynamical informa-
tion is the same in both representations. According to this
result, the topological invariant allows a regularization of
dynamics also in the teleparallel torsion picture (see [26, 51]
for a discussion in the curvature representation).
The layout of the paper is the following. In Sec.2, we
sketch the basic ingredients of the f (TG ,T ) theory showing,
in particular, the equivalence between TG and G . Sec.3 is
devoted to derive the cosmological counterpart of the theory
and to the derivation of the Noether symmetry. The specific
forms of f (TG ,T ) function, selected by the Noether sym-
metry, are discussed in Sec. 4. Cosmological solutions are
given in Sec. 5. Conclusions are drawn in Sec.6.
2 f (TG ,T ) gravity
In order to incorporate spin in a geometric description, as
well as to bring gravity closer to its gauge formulation, peo-
ple started, some years ago, to study torsion in gravity [18,
19]. An extensive review of torsional theories (teleparallel,
Einstein-Cartan, metric-affine, etc) is presented in [1]. If in
the action of the teleparallel theory, i.e. in a curvature-free
vierbein formulation, we replace the torsion scalar, T , with
a generic function of it, we obtain the so called f (T ) gravity
[40–43],
In this paper, we will study a theory whose Lagrangian
is a generic function of the Gauss-Bonnet teleparallel term,
TG and the torsion scalar, T , i.e.
A =
1
2κ
∫
d4x
√−g [ f (TG ,T )+Lm] , (1)
which is a straightforward generalization of
A =
1
2κ
∫
d4x
√−g [ f (T )+Lm] , (2)
where Lm is the standard matter that, in the following con-
siderations, we will discard. It is important to note that the
field equations of f (T ) gravity are of second order in the
1Clearly, this means that we are not considering higher-order derivative
terms like R, or derivative combinations of curvature invariants.
metric derivatives and thus simpler than those of f (R) grav-
ity, which are of fourth order [1].
The metric determinant
√−g can be derived from the
determinant of the vierbeins h as follows. We have
hµ ihiν = δ µν , hµ ih jµ = δi j . (3)
The relation between metric and vierbiens is given by
gµν = ηabhaµhbν , (4)
where ηab is the flat Minkowski metric. Finally, it is |h| ≡
det
(
hiµ
)
=
√−g. More details on how the two formalisms
are related can be found in [29].
The torsion scalar is given by the contraction
T = SµνρT ρ µν (5)
where
Sρ µν =
1
2
(
Kµνρ +δ µρTσνσ −δ νρTσµσ
)
, (6)
Kµνρ = −12
(
T µνρ −T νµρ −Tρ µν
)
, (7)
Tαµν = Γ αµν − Γ˜ αµν , (8)
are respectively the superpotential, the contorsion tensor, the
torsion tensor and Γ˜ αµν is the Weitzenböck connection.
Imposing the teleparallelism condition, the torsion scalar
can be expressed as the sum of the Ricci scalar plus a total
derivative term, i.e.
hT =−hR¯+2(hTννµ),µ ⇒ T =−R¯+2Tννµ ,µ , (9)
where R¯ here is the Ricci scalar corresponding to the Levi-
Civita connection and h, as above, is the determinant of the
metric. Following [28], the teleparallel equivalent of the Gauss-
Bonnet topological invariant can be obtained as ,
hG = hTG + total derivative , (10)
where the Gauss-Bonnet invariant, in terms of curvature, is
G = R2−4RµνRµν +RµνρσRµνρσ , (11)
and the teleparallel TG invariant is given by
TG = (Kα1 eaKeα2bKα3 f cK fα4d−
−2Kα1α2aKα3 ebKe f cK fα4d+
+2Kα1α2aKα3 ebKeα4 fK f cd+
+2Kα1α2aKα3 ebKeα4 c,d)δ aα1
b
α2
c
α3
d
α4 . (12)
In a four dimensional spacetime, the term TG is a topological
invariant, constructed out of torsion and contorsion tensor2.
In order to simplify the notation, we will identify TG with G
from now on.
2See Section 3 of [28] for the detailed derivation and discussion.
3The field equations from the action (1) are then
2 fT∂ν
(
hhρκSρ µν
)−2h fThγ κSρβµTρβγ
+2hhρκSρ µν∂ν fT +4hhκνRRµν fG − 12 f hh
µ
κ
+4hhκν
(
gµν−∇µ∇ν
)
(R fG )+16hhκν∇λ∇(µ
(
fGRν)λ
)
−8hhκνgµν∇α∇β
(
fGRαβ
)−8hhκν( fGRµν)
−16hhκν fGRναRαµ +4hhκν fGRναβγRµαβγ
+8hhκν∇(ρ∇σ)
(
fGRµνρσ
)
= 0 (13)
where fA = ∂ f/∂A being A= T,G .
In the discussion below, we will consider the Friedmann-
Robertson-Walker (FRW) cosmology related to f (TG ,T ),
i.e. f (G ,T ), and we search for Noether symmetries in order
to fix the form of the function f and to derive exact cosmo-
logical solutions.
3 Searching for Noether Symmetries
Let us consider a a spatially flat FRW cosmology defined by
the line element
ds2 =−dt2+a2(t)(dx2+dy2+dz2) , (14)
from which we can express the teleparallel Gauss-Bonnet
term as a function of the scale factor a(t) [46]
TG = G = 24
[
a˙2(t)a¨(t)
a(t)3
]
. (15)
As said above, we can discard the total derivative term (see
also [30]) The torsion scalar is
T =−6
[
a˙2(t)
a2(t)
]
. (16)
We can reduce (1) to a canonical point-like action by using
the Lagrange multipliers as
A =
1
2κ
∫
dt
[
a3 f (G ,T )−λ1
(
G − G¯ )−λ2 (T − T¯ )] ,
(17)
where G¯ and T¯ are the Gauss-Bonnet term and the torsion
scalar expressed by (15) and (16). The Lagrange multipliers
are given by λ1 = a3∂G f = a3 fG and λ2 = a3∂T f = a3 fT
and are obtained by varying the action with respect to G and
T respectively. We can rewrite action (17) as
A =
∫ dta3
2κ
[
f (G ,T )− fG
(
G − 24a˙
2a¨
a3
)
− fT
(
T +6
a˙2
a2
)]
(18)
and discarding total derivative terms, the final Lagrangian is
L = a3 ( f −G fG −T fT )−8a˙3
(
G˙ fGG + T˙ fG T
)−6 fTaa˙2 ,
(19)
This is a point-like, canonical Lagrangian whose configu-
ration space is Q = {a,G ,T} and tangent space is TQ =
{a, a˙,G , G˙ ,T, T˙}. The Euler-Lagrange equations for a, G
and T are respectively
a2 ( f −G fG −T fT )+2 fT a˙2+16a˙a¨ f˙G +8a˙2 f¨G+
+4 f˙Taa˙+4 fTaa¨= 0 , (20)(
a3G −24a˙2a¨) fGG + (a3T +6aa˙2) fTG = 0 , (21)(
a2T −6a˙2)a fTT − (a3G −24a˙2a¨) fG T = 0 . (22)
As expected, for fGG 6= 0 and fG T 6= 0, we obtain, from (21)
and (22), the expressions (15) and (16) for the Gauss-Bonnet
term and the torsion scalar. The energy condition EL = 0,
associated with Lagrangian (19), is
EL =
∂L
∂ a˙
a˙+
∂L
∂ T˙
T˙ +
∂L
∂ G˙
G˙ −L = 0
corresponding to the 00-Einstein equation
24a˙3 f˙G +6 fTaa˙2+a3 ( f −G fG −T fT ) = 0 . (23)
Alternatively, the system (20)-(23) can be derived from the
field equations (13).
Let us now use the Noether Symmetry Approach [31] to
find possible symmetries for the dynamical system given by
Lagrangian (19).
In general, a Lagrangian admits a Noether symmetry if
its Lie derivative, along a vector field X , vanishes3
LXL = 0⇒ XL = 0 . (24)
Alternatively, the existence of a symmetry depends on the
existence of a vector (a "complete lift"), which is defined on
the tangent space of the Lagrangian, i.e.
X = α i(q)
∂
∂qi
+
dα i(q)
dt
∂
∂ q˙i
, (25)
being qi the configuration variables, q˙i the generalized ve-
locities and α i(q j) the components of the Noether vector.
In our case, the Lagrangian admits three degrees of freedom
and then the symmetry generator (25) reads
X = α
∂
∂a
+β
∂
∂G
+ γ
∂
∂T
+ α˙
∂
∂ a˙
+ β˙
∂
∂ G˙
+ γ˙
∂
∂ T˙
. (26)
The system derived from Eq. (24) consists of 10 partial dif-
ferential equations (see [31] for details), for α, β , γ and
3There exists a symmetry even if the Lagrangian changes by a total
derivative term, but we will discuss the simplest case.
4f (G ,T ). It is overdetermined and, if solved, it allows us
to determine the components of the Noether vector and the
form of f (G ,T ). It is
∂aβ fGG +∂aγ fG T = 0 (27)
β fGGG + γ fGG T +3∂aα fGG +∂G β fGG +∂G γ fG T = 0 ,
(28)
β fG TG + γ fG TT +3∂aα fG T +∂Tβ fGG +∂T γ fG T = 0 ,
(29)
α fT +β fTG a+ γ fTTa+2 fTa∂aα = 0 , (30)
a fT∂Gα = 0 , (31)
a fT∂Tα = 0 , (32)
fGG ∂Gα = 0 , (33)
fG T∂Tα = 0 , (34)
∂Gα fG T +∂Tα fGG = 0 , (35)
3α ( f −G fG −T fT )−aβ (G fGG +T fTG )
−aγ (G fG T +T fTT ) = 0 . (36)
Clearly, being a system of partial differential equations, a
theorem of existence and unicity for the solutions does not
hold. However, if only one of the functions α,β ,γ is differ-
ent from zero, a Noether symmetry exists. Below, we will
show that the existence of the symmetry selects the form of
the function f (G ,T ) and allows to get exact solutions for
the dynamical system (20)-(23).
4 Selecting the form of f (G ,T ) by symmetries
In order to solve the above system, we have to do some as-
sumptions. There are two ways to look for solutions: the
first, is to assume specific families of f (G ,T ) and derive
symmetries accordingly, i.e. find out the components of the
symmetry vector. The second approach consists in impos-
ing a specific form for the symmetry vector and then finding
the form of f (G ,T ). However, in the second case, the cho-
sen functions α,β ,γ must be solution of the system (27)-
(36). To obtain physically reliable models, the first route
can be more convenient. In this preliminary paper, we will
adopt this strategy to find out solutions choosing classes of
f (G ,T ) function.
4.1 The case: f (G ,T ) = g0G k+ t0Tm.
We substitute this form of f (G ,T ) in the system (27)-(36)
and obtain that for k 6= 1 and arbitrary m, the only possible
Noether vector is the trivial one, X = (0,0,0), which means
that there is no symmetry. However, for k = 1 and arbitrary
m, i.e. f (G ,T ) = g0G + t0Tm, the vector assume the non-
trivial form
X ≡
{
α0a1−
3
2m , β (a,G ,T ),−3α0Ta
− 32m
m
}
, (37)
with α0 being an arbitrary integration constant and any non
singular β . This means that this theory admits a symmetry
with the conserved quantity being
Σ0 =−12α0mt0
(
a˙
a
3
2m−2
)
Tm−1 , (38)
which coincides with the case f (T ) = t0Tm and then the
contribution of the Gauss-Bonnet invariant is trivial4. This
is expected since, in a 4-dimensional manifold, the linear
Gauss-Bonnet term is vanishing in the action and thus this
model is not different from f (T ) gravity.
4.2 The case: f (G ,T ) = f0G kTm.
In this case, the system (27)-(36) becomes slightly more
complicated. As previously, we have two possible choices of
the powers k,m. If m 6= 1−k, f (G ,T ) reduces to pure f (T ),
i.e. we have to set k = 0 and therefore we have the same
symmetries as before. Nevertheless, if m= 1− k, the model
becomes f (G ,T ) = f0G kT 1−k and it admits a Noether sym-
metry denoted by the vector
X = (0,β (a,G ,T ),
T
G
β (a,G ,T )) , (39)
where β is a non-singular function. It is interesting to point
out the analogy with the curvature case, where the Noether
Symmetry Approach selects the form f (G ,R) = f0G 1−kRk
as discussed in [46]. In some sense, symmetries preserve
the structure of gravitational theories independently of the
teleparallel or metric formulation5.
5 Cosmological solutions
Starting from the model f (G ,T ) = f0G kT 1−k, let us find out
cosmological solutions for any values of k. The Lagrangian
(19) assumes the form
L = f0(k−1)a˙2G k−2T−k
[
4ka˙
(
G T˙ −T G˙ )+3aG 2] . (40)
4See Eqs. (455)-(457) in the review paper [1] and the discussion in
[12].
5Clearly also the case f (G ,T ) = f0G 1−kT k gives a symmetry.
5and the Euler-Lagrange equation for a(t) and the energy
equation become
2kG2a′
(
4Ta′′T ′+a′
(
2TT ′′−2kT ′2)+aTG′)+
+4kGTa′
(
a′
(
2(k−1)G′T ′−TG′′)−2Ta′′G′)+
+G3
(
T
(
2aa′′+a′2
)−2kaa′T ′)−4(k−2)kT 2a′2G′2 = 0 ,
(41)
4ka′
(
GT ′−TG′)+aG2 = 0 , (42)
while the other two, i.e. for G and T give the Lagrange
multipliers (15) and (16). If we substitute the constraints
(15),(16) into eq.(41), (42) we get
2a2a¨4+ k2a˙4a¨2−2(k−1)ka...a a˙3a¨+4ka2...a a˙a¨2+
+aa˙2
(
(k−2)ka...a 2+(1−5k)a¨3+ ka....a a¨) = 0 , (43)
aa¨2+ ka
...a a˙− ka˙2a¨ = 0 . (44)
These general (for arbitrary k 6= 1) equations admit power
law solutions for the scale factor of the form
a(t) = a0ts, with s= 2k+1 . (45)
It is easy to verify that the Gauss-Bonnet term and the tor-
sion scalar behave asymptotically as G ∼ 1/t4 and T ∼ 1/t2,
for any k.
From these considerations, it is easy to realize that any
Friedmann-like, power law solution can be achieved accord-
ing to the value of k. For example, a dust solution is recov-
ered for
a(t) = a0t2/3, with k =−16 ; (46)
a radiation solution is for
a(t) = a0t1/2, with k =−14 ; (47)
and a stiff matter one is for
a(t) = a0t1/3, with k =−13 . (48)
Power-law inflationary solutions are achieved, in general,
for s≥ 1 and then k ≥ 0.
6 Conclusions
In this paper, we discussed a theory of gravity where the in-
teraction Lagrangian consists of a generic function f (TG ,T )
of the teleparallel Gauss-Bonnet topological invariant, TG ,
and the torsion scalar T . The physical reason for this ap-
proach is related to the fact that we want to study a theory
where the full budget of torsional degrees of freedom are
considered. Furthermore, it is easy to show that, from a dy-
namical point of view, the Gauss-Bonnet invariant, derived
from curvature, G , and the Gauss-Bonnet invariant, derived
from torsion, TG , are equivalent and then we can consider a
f (G ,T ) theory.
After these considerations, we searched for Noether sym-
metries in the cosmology derived from this model. We showed
that specific forms of f (G ,T ) admit symmetries and allow
the reduction of the dynamical system.
In particular, the class f (G ,T ) = f0G kT 1−k results par-
ticularly interesting and, depending on the value of k, it is
possible to achieve all the behaviors of standard cosmology
as particular solutions.
Clearly, other cases can be considered and a systematic
approach to find out other solutions can be pursued. This
will be the argument of a forthcoming paper where a general
cosmological analysis will be developed.
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